Section 6.2: Volumes

Objective: In this lesson, you learn

O How to establish the volume of a solid of revolution as the limit of a Riemann sum.

I. Volumes

The volume of a cylindrical solid is always defined to be itsimes its height:

Volume = Area x Height

Some classic formulas: A solid S that is a right cylinder (a known base area A and height
h).

(a) Cylinder V=Ah (b) Circular cylinder V =@h (¢) Rectangular box V = [wh

SUYLIN J? o\Cf/‘CIQ

Problem: How do we define the volume of a solid S thaght cylinder?
Th bace prea a0 m"‘ﬁ\(\%
are net Lneed:
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Volumes

For a solid S that is not a right cylinder, we “cut” into pieces and approximate each piece by a
cylinder. Then the volume is estimated by adding the volumes of the cylinders.

1. Start by intersection S with a plane region )

that is called a cross-section of S.

2. Let A(z) be the area of the cross-section of
S in a plane P, cutting S perpendicularly
to the x—axis and passing through the point

x, where a <z <b.

3. Divide S into n “slabs” of equal width Ax by
using the planes P, , P, -, P, to slice y
the solid.

4. If we choose samples points z* in [z;_1, z;], we
can approximate the i*? slab S; by a cylinder

with base area A(z}) and height Az.

5. The volume of this cylinder is A(z])Ax. v

6. Add the volumes of the slabs to approximate
the total volume, V', which is the limit of

Z A(z]) Az
i=1

7. The approximation gets better as n — oo.

O 4= Xo Xy X, X3 X4 Xs Xg x;=b X

So we can define the volume of a solid as follows:

Let S be a solid that lies between x = a and = b. If the cross-sectional area of S in the plane
P,, through S and perpendicular to the z-axis, is A (z), where A is a continuous function, then

the volume of S is
= nh_)rréo ZA ) Az —/ Az

Remark: Note that in the volume formula V = f A (x)dx, A(z) is the area of a moving
cross-section obtained by slicing through x perpendlcular to the z-axis.

10


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal


Ahmad Alzaghal



Example 1: Show that the volume of a sphere of radius r is V' = %7['7“

A fomﬂ’ =< What 1 A vadius 0{2 A

e vos — seion |

sy v AN 1}(&) e h 3 37

v iC L 2 2.
AN — vt 3 N 2kt

=) = X A[Y =7

So . PN (x) T @6 352 Mg Cvoss— secHan CC‘QkQ\%’>
/
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I1. Solids of revolution

Solids of revolution are obtained by revolving a region about a line.

Fw) = < 4 (’F -
5=
FANE = "K'L\,;YL ,é_ o
=K 7&2‘ >
NG , / 4 Z >
j P‘(ﬂ QX L= i U ke y= Y A\j)gj LTJ by
> — j =0 AVD:F‘\@,)
- LY

Compute the volume of a solid of revolution by using the basic formula V = [ f A(z)dx or
V=] ch (y) dy, and find the cross-sectional area A(z) or A(y) in one of the following ways:

i. If the cross-section is a disk, find the radius of the disk (in terms o@or y) and use
A=m (2.
ii. If the cross-section is a washer, find the inner radius and outer radius and use

A = 7(outer radius)? — 7 (inner radius
P ——

Example 2: Calculate the volume of the solid, obtained by rotating the curve y = 23 for

0 <z <1 around th
. - e —
z

@ T crss— cechon 15 adnlc

@ Radwny = Xg Xg
@ A= ()= ()= RR AT

O
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Example 3: Rotate the same curve, in example 2, around the
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Example 5: Calculate the volume-efthe solid, obtained by rotating the region R around the
x—axis, where the region R by the curves y 23:2 and y = &7
1 .
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Example 6: Rotate the same curve, in example 5, around the y—axis?
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Example 7: Rotate the same curve, in example 5, around the y = 27

I” TTha cyuss— se chrln ) | el wW o ko

Homework: Rotate the same curve, in example 5, around the x = —1 or x = 27
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